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Abstract
We propose a theory of quark and lepton mass and mixing with non-universal Z ′
couplings based on a 5d Standard Model with quarks and leptons transforming as
triplets under a new gauged SO(3) isospin. In the 4d effective theory, the SO(3)
isospin is broken to U(1)′, through a S1/(Z2 × Z′2) orbifold, then subsequently
dynamically broken, resulting in a massive Z ′. Quarks and leptons in the 5d bulk
appear as massless modes, with zero Yukawa couplings to the Higgs on the brane,
and zero couplings to Z ′, at leading order, due to the U(1)′ symmetry. However,
after the U(1)′ breaking, both Yukawa couplings and non-universal Z ′ couplings are
generated by heavy Kaluza-Klein exchanges. Hierarchical quark and lepton masses
result from a hierarchy of 5d Dirac fermion masses. Neutrino mass and mixing
arises from a novel type Ib seesaw mechanism, mediated by Kaluza-Klein Dirac
neutrinos. The non-universal Z ′ couplings may contribute to semi-leptonic B decay
ratios which violate µ − e universality. In this model such couplings are related to
the corresponding quark and lepton effective Yukawa couplings.
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1 Introduction
The flavour puzzle in the Standard Model (SM) is an indication that it is not complete.
Of the almost thirty parameters of the SM, most of them arise from unspecified Higgs
Yukawa couplings. This provides a motivation for studying theories of flavour beyond the
SM, in which the origin of Yukawa couplings is considered from a different perspective.
One interesting approach that was proposed some time ago is based on the idea that
the usual Higgs Yukawa couplings with the three families of chiral fermions are forbidden
by a discrete Z2 symmetry, which is subsequently broken by some new scalar field 〈φ〉,
allowing the Higgs Yukawa couplings to arise effectively from mixing with a vector-like
fourth family [1]. If the Z2 symmetry is replaced by a gauged U(1)′ symmetry, under
which the SM fermions are neutral, but the Higgs doublets are charged, thereby forbidding
Yukawa couplings but allowing mixing with the charged vector-like fourth family, then
after U(1)′ symmetry breaking, a massive Z ′ gauge boson with non-universal couplings
to quarks and leptons is generated by the mixing with the fourth family [2].
In such a model [2], the connection between non-universal Z ′ couplings and the ori-
gin of Yukawa couplings may have interesting experimental implications. For example,
some time ago, the LHCb Collaboration [3] and other experiments reported a number
of anomalies in B → K(∗)l+l− decays such as the RK and RK∗ ratios of µ+µ− to e+e−
final states, which are observed to be about 80% of their expected values with a 2.5σ
deviation from the SM. Such anomalies may be accounted for by a new physics operator
of the form [4–12] b¯LγµsL µ¯LγµµL, with a coefficient Λ−2 where Λ ∼ 30 TeV. This hints
that there may be new physics arising from the non-universal couplings of leptoquarks
and/or Z ′ in order to generate such an operator.
This observation motivated many papers on non-universal Z ′, many of them con-
cerned with U(1)′ anomaly cancellation. In the above approach [2], in which there are no
chiral fermions which carry U(1)′ (only the U(1)′ charged vector-like fourth family) then
anomaly cancellation is automatic, and non-univerality is induced by mixing, making
this a very natural and attractive possibility. Moreover, the resulting connection of the
non-universal induced Z ′ couplings with Yukawa matrices [2], is interesting. However,
such a model raises other questions, such as what is the origin of the vector-like fourth
family with U(1)′ charges, and why do they mix with the chiral quarks and leptons?
In this paper we take the next step in the development of such an approach to flavour,
and suppose that the vector-like fourth family is identified as a Kaluza-Klein (KK) ex-
citation of quarks and leptons which exist in a 5d bulk. The origin of the U(1)′ gauge
symmetry in such an approach is rather subtle since we require the chiral quarks and
leptons to be U(1)′ isocharge zero while their KK modes must include U(1)′ isocharged
states. To address this, we shall suppose that the U(1)′ arises from a new gauged SO(3)
isospin in 5d, with the 5d quarks and leptons being assigned to SO(3) isospin triplets,
where each triplet decomposes into three states with U(1)′ isocharge ±1, 0. The idea is
that the isocharge zero state contains a massless mode, while the iso-charged states have
only heavy KK modes. Such a framework has the nice feature that the scalar φ which
breaks the U(1)′ and yields the Z ′, may originate as the fifth component of the 5d SO(3)
gauge field, according to a sort of “gauge-Higgs” unification [13–22]. In particular we shall
follow the SO(3) example in [22], where the “gauge” refers to the SO(3) and the “Higgs”
refers to the φ scalar.
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In this way we are led to a simple ultraviolet completion of the vector-like family model
in which the quarks and leptons of the SM are extended into the 5d bulk, while the SM
Higgs remain as 4d brane fields. The hierarchies of Yukawa couplings are accounted for
by assuming hierarchies in the 5d quark and lepton Dirac masses, somewhat analogous
to the way that Yukawa hierarchies are generated in a 5d Randall-Sundrum set-up with
a warped extra dimension [23, 24], but here implemented with a flat extra dimension.
However there are other important differences. While small mass differences in Randall-
Sundrum can lead to large hierarchies via their effect on the fermion wavefunction profiles,
here we require large 5d mass hierarchies which influence the Yukawa couplings directly,
via seesaw type diagams, with the heavy fermions as messengers. The two different set-
ups, with a warped or a flat extra dimension, are of course experimentally distinguishable,
for example we do not predict a KK graviton here. Also the mass spectrum of the KK
fermion modes is quite different. And of course, here we will have a non-universal Z ′ with
experimental implications for flavour changing and non-universality.
The origin of neutrino masses in this set-up is also quite interesting since the usual
type I seesaw mechanism cannot be implemented due to the absence of Majorana masses
in 5d. Instead we shall rely on the recently proposed type Ib seesaw mechanism [25], where
heavy Dirac KK neutrino masses can yield small physical Majorana neutrino masses.
The outline of the remainder of the paper is as follows. In section 2 we define the
5d model, assuming zero 5d fermion masses, and show how Yukawa couplings originate.
In section 3 we show how the introduction of hierarchical 5d fermion masses can lead to
Yukawa hierarchies and small CKM mixing angles. In section 4 we show how neutrino
Majorana masses can arise from KK Dirac neutrinos, via the type Ib seesaw mecha-
nism. In section 5 we discuss non-universal Z ′ couplings and phenomenology. Section 6
concludes the main body of the paper. Appendix A details the S1/(Z2 × Z′2) orbifold.
Appendix B discusses the SO(3) decomposition. Appendix C defines the Higgs fields on
the branes and shows how the U(1)′ neutral Higgs components gain large masses.
2 The 5d Standard Model with gauged SO(3) isospin
Suppose that the Standard Model (SM) is extended into a flat 5d spacetime, where each
5d quark and lepton field is assumed to be an isotriplet under a new gauged SO(3)
isospin. This is not weak isospin, nor is it a family symmetry, it is a completely new
degree of freedom carried by each 5d multiplet Qαi , uαi , dαi , Lαi , eαi , where i = 1, 2, 3 is a
family index and α = 1, 2, 3 is a new SO(3) index. The extra dimension y is orbifolded
as S1/(Z2 × Z′2), resulting in two 4d branes, one at y = 0 and the other at y = piR/2,
connected via the 5d bulk (see Appendix A for details). The quarks and leptons live in
the bulk in irreducible representations of the 5d Lorentz group SO(1, 4) which is broken
to the standard one SO(1, 3). The fields decompose into the standard representations,
as described in Appendix A. We also assume that the SM gauge symmetry SU(3)C ×
SU(2)L × U(1)Y lives in the bulk, together with the gauged isospin symmetry SO(3),
while the Higgs doublets live on the 4d branes.
This extended symmetry, 5d Lorentz and SO(3) gauged isospin, is broken with inde-
pendent SO(3) boundary conditions at each brane as follows:
P0 = I, PpiR/2 = diag(−1, 1,−1), (1)
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where the SO(3) decomposition under U(1)′ is detailed in Appendix B, the key result
being that each SO(3) isotriplet decomposes into three states with U(1)′ isocharges
+1, 0,−1. The SO(3) gauge fields in the bulk have the boundary conditions shown
in Table 1, which leads to a preserved U(1)′ 4d massless gauge boson, plus extra KK
gauge boson excitations, plus the fifth scalar components of the gauge fields which are
all heavy KK modes, with one of them acquiring a VEV and breaking the gauged U(1)′.
The SM fermions, which live in the bulk as SO(3) triplets, are assigned a parity under
each boundary condition as shown in Table 1, leading to massless modes consisting of
the usual three chiral families, which are all neutral under the U(1)′ (i.e. have isocharge
zero) plus their KK excitations (both charged and neutral under U(1)′). We also intro-
duce a 5d neutrino field which transforms as a SM and SO(3) singlet, with the boundary
conditions shown in Table 1, such that no massless modes are present; these heavy KK
neutrinos play the role of “right-handed neutrinos” in the seesaw mechanism, although in
this case, being KK modes, they are heavy Dirac fermions (see later).
Each bulk field can be expanded as a sum of their modes [26,27]. First let us decom-
pose the SO(3) gauge vector AM field,
AM(x, y)→ A0µ(x, y) =
√
2
piR
∞∑
n=0
(A0µ)
(2n)(x) cos
2ny
R
A±µ (x, y) =
√
2
piR
∞∑
n=0
(A±µ )
(2n+1)(x) cos
(2n+ 1)y
R
A05(x, y) =
√
2
piR
∞∑
n=0
(A05)
(2n+2)(x) sin
(2n+ 2)y
R
A±5 (x, y) =
√
2
piR
∞∑
n=0
(A±5 )
(2n+1)(x) sin
(2n+ 1)y
R
.
(2)
The quark and lepton electroweak doublets (F = Q,L) (dropping the flavour index i
and the SO(3) index α) are decomposed in 4d as,
F(x, y)→ F±L(x, y) =
√
2
piR
∞∑
n=0
(F±L )
(2n+1)(x) cos
(2n+ 1)y
R
,
F0L(x, y) =
√
2
piR
∞∑
n=0
(F 0L)
(2n)(x) cos
2ny
R
,
F±R(x, y) =
√
2
piR
∞∑
n=0
(F±R )
(2n+1)(x) sin
(2n+ 1)y
R
,
F0R(x, y) =
√
2
piR
∞∑
n=0
(F 0R)
(2n+2)(x) sin
(2n+ 2)y
R
,
(3)
where the isoneutral left-handed doublets (F 0L = Q0L, L0L) clearly have zero modes for
n = 0. The quark and lepton electroweak singlets (f = u, d, e) (again dropping the
flavour index i and the SO(3) index α) are chosen to have the opposite parity at the zero
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Field SU(3)C SU(2)L U(1)Y SO(3) Z3 4d field P0P5 PpiRP5
Qi 3 2 1/6 3 1 Q
±
iL 1 −1
Q0iL 1 1
Q±iR −1 1
Q0iR −1 −1
ui 3 2 2/3 3 ω u±iR 1 −1
u0iR 1 1
u±iL −1 1
u0iL −1 −1
di 3 1 −1/3 3 ω d±iR 1 −1
d0iR 1 1
d±iL −1 1
d0iL −1 −1
Li 1 2 −1/2 3 1 L±iL 1 −1
L0iL 1 1
L±iR −1 1
L0iR −1 −1
ei 1 1 −1 3 ω e±iR 1 −1
e0iR 1 1
e±iL −1 1
e0iL −1 −1
ν 1 1 0 1 ω νc0R 1 −1
νc0L −1 1
AM 1 1 0 3 1 A0µ 1 1
A05 −1 −1
A±µ 1 −1
A±5 −1 1
Hu,d 1 2 ∓1/2 3 ω2 H±u,d − −
H0u,d − −
H ′u,d 1 2 ∓1/2 1 ω2 H0′u,d − −
Table 1: The field content of the model, comprising three 5d SM fermion families Qi, ui, di, Li, ei, plus
one singlet neutrino ν, plus the 5d SO(3) gauge field AM , with their decomposition under the orbifold
breaking. The index i = 1, 2, 3 is a family index not an SO(3) index, i.e. there are three families of
SO(3) isotriplets. When the SO(3) is broken to a U(1)′ by the orbifold, this will yield a massless neutral
fermion (under the U(1)′) for each fermion family. The fifth component of the SO(3) gauge field A±5
(charged under the U(1)′) is identified as a massive 4d scalar, whose VEV will eventually break the
U(1)′, yielding a massive Z ′. The 5d SM gauge fields are not displayed explicitly here. The 4d scalar
Higgs doublets on the branes are also shown, with Hu,d on the zero brane and H ′u,d on the other brane.
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brane, as compared to the doublets above, so their 4d profiles are,
f(x, y)→ f±R(x, y) =
√
2
piR
∞∑
n=0
(f±R )
(2n+1)(x) cos
(2n+ 1)y
R
,
f0R(x, y) =
√
2
piR
∞∑
n=0
(f 0R)
(2n)(x) cos
2ny
R
,
f±L(x, y) =
√
2
piR
∞∑
n=0
(f±L )
(2n+1)(x) sin
(2n+ 1)y
R
,
f0L(x, y) =
√
2
piR
∞∑
n=0
(f 0L)
(2n+2)(x) sin
(2n+ 2)y
R
,
(4)
so that isoneutral right-handed singlets (f 0R = u0R, d0R, e0R) have massless zero modes for
n = 0. One neutrino field, a singlet under all gauge groups, decomposes in 4d as,
ν(x, y)→ νL(x, y) =
√
2
piR
∞∑
n=0
(νL)
(2n+1)(x) cos
(2n+ 1)y
R
νR(x, y) =
√
2
piR
∞∑
n=0
(νR)
(2n+1)(x) sin
(2n+ 1)y
R
,
(5)
so that the zero modes form a single massive Dirac KK state (νL, νR), as indeed do all
the higher KK modes. Indeed all the heavy KK modes of all the fermions pair up into
massive Dirac states in a similar way, but it is most simply seen with the neutrinos which
have no massless modes (unlike the other electrically charged fermions which all contain
massless modes as well as heavy KK modes).
The Higgs doublets are located on the 4d branes, so they will not have any KK mode
expansions. We desire two Higgs doublets Hu,d to be located at the zero brane, each
with a U(1)′ isocharge of −1, which would forbid usual Higgs Yukawa couplings (since
the massless chiral quarks and leptons are neutral), but which will allow effective Yukawa
couplings to be generated when the U(1)′ is broken, via their coupling to isocharged KK
states, as discussed later. In order to achieve this, it is actually necessary to introduce
complete SO(3) triplets of Higgs Hu,d at the zero brane (where the SO(3) is unbroken)
plus an additional a pair of Higgs doublets H ′0u,d at the other brane, which are neutral
under U(1)′, and serve to give a large mass to the unwanted neutral components of the
triplet at the zero brane. This mechanism is discussed in detail in Appendix C.
The 5d Lagrangian for these fields is, including the Higgs Hu,d at the zero brane 3,
L5d =iQ¯iγMDMQi + iu¯iγMDMui + id¯iγMDMdi
+ iL¯iγMDMLi + ie¯iγMDMei + iν¯γMDMν
+ δ(y)
[
DMHu(D
MHu)
† +DMHd(DMHd)†
]
+
δ(y)
Λ
[
yijuQ
†
iHuuj + y
ij
d Q
†
iHddj + y
ij
e L
†
iHdej + y
i
νL
†
iHuν + y
′j
ν L
†
jH˜dν
†
] (6)
3The mass dimensionality of each of the 5d fields are [AM ] = 3/2 for gauge vectors, [F ] = 2 for
fermions and [H] = 1 for brane scalars.
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Figure 1: Fixed branes (locating the Higgs) at y = 0, piR/2 and the normalised wavefunction squared
|ψ|2 profiles for the lowest bulk modes. The H−u,d are the physically relevant Higgs doublets renamed
Hu,d in the text. The massless n = 0 modes A0µ, F 0L, f
0
R are isoneutral (isocharge zero) and correspond
to the horizontal black line at |ψ|2 = 0.5. Their isoneutral n = 1 KK modes have square wavefunctions
depicted by the blue curve. Other n = 0 isoneutral modes are massive KK states shown by the brown
curve. The n = 0 isocharged square wavefunctions are massive KK modes indicated by the green, red
curves which vanish on the branes at y = 0, piR/2, respectively.
where the yij are flavour matrices.
We now turn to the generation of the Yukawa couplings. This is non-trivial since
the massless mode quarks and leptons have zero U(1)′ charge, and are hence forbidden
to couple to the 4d Higgs Hu,d, which are charged under U(1)′, since the neutral Higgs
components gain large masses by the mechanism in Appendix C, and so will not develop
VEVs. The 4d effective theory relevant for the generation of Yukawa couplings will consist
of the massless quark and lepton modes coupling to the 4d Higgs fields and the heavy
KK modes. The SM field content lies in the zero modes, where we relabel the physically
relevant fields as in Table 2. We shall assume that the field φKK with U(1)′ charge 1 gets
a VEV and spontaneously breaks U(1)′, resulting in a massive Z ′ plus a massive singlet
Higgs field. Then the terms relevant for the generation of effective Yukawa couplings
involve the fields in Table 2.
The couplings relevant for the generation of effective zero mode quark Yukawa cou-
plings involving the fields in Table 2, are given by,
L0Q =
(
2
piR
)
1
Λ
∑
n
∫ piR/2
0
dy δ(y) cos
(2n+ 1)y
R
[
yiju (Q
†
iLKKHuujR +Q
†
iLHuujRKK)
]
+ g
√
R
(
2
piR
)3/2 ∫ piR/2
0
dy sin
(2n+ 1)y
R
cos
(2n+ 1)y
R
[
Q†iLφKKQiRKK + u
†
iLKKφKKuiR
]
+ u↔ d,
(7)
6
4d field SU(3)C SU(2)L U(1)Y U(1)′ Z3 mode origin
QiL 3 2 1/6 0 1 (Q0iL)0
uiR 3 2 2/3 0 ω (u0iR)0
diR 3 1 −1/3 0 ω (d0iR)0
eiR 1 1 −1 0 ω (e0iR)0
LiL 1 2 −1/2 0 1 (L0iL)0
QiLKK 3 2 1/6 −1 1 (Q−iL)(2n+1)
QiRKK 3 2 1/6 −1 1 (Q−iR)(2n+1)
uiRKK 3 2 2/3 −1 ω (u−iR)(2n+1)
uiLKK 3 2 2/3 −1 ω (u−iL)(2n+1)
diRKK 3 1 −1/3 −1 ω (d−iR)(2n+1)
diLKK 3 1 −1/3 −1 ω (d−iL)(2n+1)
eiRKK 1 1 −1 −1 ω (e−iR)(2n+1)
eiLKK 1 1 −1 −1 ω (e−iL)(2n+1)
LiLKK 1 2 −1/2 −1 1 (L−iL)(2n+1)
LiRKK 1 2 −1/2 −1 1 (L−iR)(2n+1)
L′iLKK 1 2 −1/2 +1 1 (L+iL)(2n+1)
L′iRKK 1 2 −1/2 +1 1 (L+iR)(2n+1)
νLKK 1 1 0 0 ω (νL)(2n+1)
νRKK 1 1 0 0 ω (νR)(2n+1)
Z ′µ 1 1 0 0 1 (A0µ)0
φKK 1 1 0 +1 1 (A+5 )(2n+1)
Hu 1 2 −1/2 −1 ω2 4d brane
Hd 1 2 1/2 −1 ω2 4d brane
Table 2: Field content in the effective 4d theory and their mode origin in the 5d expansion. All 4d
fermion fields are left-handed Weyl spinors but they originate from 5d Dirac fermion modes with left
(L) and right (R) handed components as shown in the last column (where the R components have been
CP conjugated to yield left-handed Weyl spinors). The left-handed SM fermion states without a KK
subscript correspond to the lowest Kaluza Klein modes having zero KK mass contributions in the 4d
effective theory. We only show the KK fermion modes with positive U(1)′ charge since they play a role in
generating quark and lepton Yukawa couplings. There will be other KK fermion modes (not displayed)
of all three isocharges ±1, 0, arising from SO(3) triplets, which similarly form massive vector-like pairs
of left-handed Weyl spinors with conjugate quantum numbers. For example, we display L′iKK , which
has negative U(1)′ isocharge, since it plays a role in the type Ib seesaw mechanism. The neutrinos νKK
arising from SO(3) singlets do not have any massless modes. The spin-1 Z ′µ field and the complex scalars
φKK originate from the 5d SO(3) gauge field. The two scalar Higgs doublets Hu ≡ H−u , Hd ≡ H−d are
the isocharge negative 4d brane fields arising from the isotriplet Higgs on the zero brane.
7
where g is the U(1)′ gauge coupling constant. For simplicity, we can just work with the
n = 0 mode and integrate out the 5th dimension,
L0Q = 2
piRΛ
[
yiju (Q
†
iLKKHuujR +Q
†
iLHuujRKK)
]
+ g
(
2
pi
)3/2 [
Q†iLφKKQiRKK + u
†
iLKKφKKuiR
]
+ u↔ d.
(8)
The charged lepton couplings are built in a similar way, leading to
L0L = 2
piRΛ
[
yije (L
†
iLKKHdejR + L
†
iLHdeiRKK)
]
+ g
(
2
pi
)3/2 [
L†iLφKKLiRKK + e
†
iLKKφKKeiR
]
.
(9)
By integrating out the mediators we obtain the effective Yukawa terms
LY = 8g
piΛ
(
2
pi
)3/2
〈φKK〉
[
yiju Q
†
iLHuujR + y
ij
d Q
†
iLHddjR + y
ij
e L
†
iLHdejR
]
. (10)
The quarks and charged lepton Yukawa couplings are mediated by each right and left
handed fermion, as well as the Higgs KK modes, as shown in figure 2. Unfortunately,
the theory so far does not provide any understanding of the quark and lepton mass
hierarchies, it simply reparametrises the Standard Model Yukawa couplings in terms of
the 5d Yukawa couplings. This deficiency is remedied in the next section.
Figure 2: Diagrams for effective 4d up-type quark Yukawa couplings (see Table 2 for notation). Similar
diagrams with u → d give the down-type Yukawa couplings. Charged lepton Yukawa couplings arise
from similar diagrams involving Li, ej , together with their respective leptonic KK messengers, and Hd.
3 Explicit 5d masses and Yukawa hierarchies
So far we have been ignoring the effect of the 5d scalar and fermion masses, and the
analysis in the previous section implicitly assumes these masses to be zero. However the
5d fermions are always Dirac fermions, therefore it is possible to write explicit mass terms
for each 5d fermion. Similarly we can include 5d scalar Higgs doublet masses. Therefore
in addition to the terms in eq. 6, one can write explicit 5d masses as
L5dm =Q¯iM ijQQj + u¯iM iju uj + d¯iM ijd dj + L¯iM ijL Lj + e¯iM ije ej + ν¯Mνν, (11)
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where we can diagonalize the matrix from the start so that M ij = M iδij.
This 5d mass will change the specrum of the KK masses. It does not change the mode
profiles in eq. 3. Howeves the addition of the new parameter changes the mass spectrum
of the KK modes. The zero modes remain massless [28]. The scalar and fermion massive
KK modes change their mass as [29]
1
R
→
√
R−2 +M2i . (12)
The effective Yukawa terms become
LY = 4g
piRΛ
(
2
pi
)3/2
〈φKK〉×[(
piR/2 +
(
R−2 + (M iQ)
2
)−1/2
+
(
R−2 + (M ju)
2
)−1/2)
yiju Q
†
iLHuujR
+
(
piR/2 +
(
R−2 + (M iQ)
2
)−1/2
+
(
R−2 + (M jd)
2
)−1/2)
yijd Q
†
iLHddjR
+
(
piR/2 +
(
R−2 + (M iL)
2
)−1/2
+
(
R−2 + (M je )
2
)−1/2)
yije L
†
iLHdejR
]
.
(13)
Note that the relative contributions of each fermion and Higgs mediated diagram has
changed, depending on the values of the 5d masses. Let us make the following assumptions
about the 5d masses:
• one of the three fermion families (say the third family) has the lightest 5d mass, as
compared to the first two families, M3 M1,2
• within the third fermion family, the hierarchies of 5d masses satisfy, 1/R .MQ3 
Md3 Mu3 and 1/R .ML3 Me3
With these assumptions the dominant contributions to the Yukawa couplings arise
from the left diagram in figure 2 which is mediated by the third family doublets Q3KK in
the case of quarks, or L3KK in the case of the charged leptons. The interactions involving
the lightest Q3KK and L3KK states are just a subset of the terms in Eqs.8, 9,
LQ3KK =
2
piRΛ
[
y3ju (Q
†
3LKKHuujR) + u↔ d
]
+ g
(
2
pi
)3/2 [
Q†3LφKKQ3RKK
]
, (14)
LL3KK =
2
piRΛ
[
y3je (L
†
3LKKHdejR)
]
+ g
(
2
pi
)3/2 [
L†3LφKKL3RKK
]
. (15)
By integrating out the Q3KK and L3KK mediators we obtain the dominant effective
Yukawa terms
LY3j =g
(
2
pi
)3/2
2
piRΛ
[〈φKK〉 (R−2 +M2Q3)−1/2] [y3ju Q†3LHuujR + y3jd Q†3LHddjR]
+ g
(
2
pi
)3/2
2
piRΛ
[〈φKK〉 (R−2 +M2L3)−1/2] [y3je L†3LHdejR]
(16)
The above Yukawa matrices consist of only the third row elements being non-zero. Ignor-
ing the subdominant couplings below, they may be diagonalised by rotating ujR, djR, ejR
9
to yield only non-zero (3,3) elements corresponding to the t, b, τ masses, respectively.
This explains why the third family is the heaviest one, which is due to Q3KK and L3KK
being the lightest KK states.
To populate the more than just the (3,3) elements of the Yukawa matrices, we
must consider the effect of the next lightest states, namely the rest of the third family
d3KK , u3KK , e3KK states. We first write down the interactions involving d3KK , u3KK , e3KK ,
which is another subset of the terms in Eqs.8, 9,
Lq3KK =
2
piRΛ
[
yi3u (Q
†
iLHuu3RKK) + u↔ d
]
+ g
(
2
pi
)3/2 [
u3LKK
†φKKu3R + u↔ d
]
,
(17)
Le3KK =
2
piRΛ
[
yi3e (L
†
iLHde3RKK)
]
+ g
(
2
pi
)3/2 [
e3LKK
†φKKe3R
]
. (18)
By integrating out the d3KK , u3KK , e3KK mediators we obtain the sub-dominant effective
Yukawa terms
LYi3 =g
(
2
pi
)3/2
2
piRΛ
[〈φKK〉 (R−2 +M2u3)−1/2] [yi3u Q†iLHuu3R]+ u↔ d
+ g
(
2
pi
)3/2
2
piRΛ
[〈φKK〉 (R−2 +M2e3)−1/2] [yi3e L†iLHde3R]
(19)
The Yukawa matrices in LR convention, resulting from the third family KK mediators
(assumed to be the lightest ones and the only ones considered so far), now consist of the
dominant third row elements from Eq.16 and the sub-dominant third column elements
from Eqs.19, i.e. only the third row and third column have non-zero elements. In the basis
where the dominant third row is diagonalised, the Yukawa matrices may be expressed in
the form 4, ignoring overall factors and the compactification scale,
Y uij =
0 0 00 xu22 xu23
0 xu32 x
u
33
 g〈φKK〉
Mu3
+
0 0 00 0 0
0 0 yu33
 g〈φKK〉
MQ3
Y dij =
0 xd12 xd130 xd22 xd23
0 xd32 x
d
33
 g〈φKK〉
Md3
+
0 0 00 0 0
0 0 yd33
 g〈φKK〉
MQ3
Y eij =
0 xe12 xe130 xe22 xe23
0 xe32 x
e
33
 g〈φKK〉
Me3
+
0 0 00 0 0
0 0 ye33
 g〈φKK〉
ML3
(20)
where the Yukawa couplings xu,d,eij , y
u,d,e
33 are linear combinations of the original Yukawa
couplings to the third family KK modes yu,d,ei3 , y
u,d,e
3j , and are hence expected to be of
order unity. We also assume that they are defined to absorb all the prefactors, which are
4To arrive at this form, starting from Yukawa matrices with only non-zero third rows and third
columns, we have first rotated (u1R, u2R), (d1R, d2R), (e1R, e2R) to put zeroes in the first column, then
rotated (Q1, Q2) to set Y u13 = 0, then finally we have rotated (u2R, u3R), (d2R, d3R), (e2R, e3R) to diago-
nalise the dominant third row.
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also of order unity. The Yukawa hierarchy in this model is generated by the previously
assumed mass hierarchy of 5d masses, MQ3  Md3  Mu3 , and ML3  Me3 , called
“messenger dominance” in [1]. This implies that the second matrices on the right-hand
side of the equalities in Eq.20 dominate, giving the dominant third family masses mt, mb,
mτ . The sub-dominant first matrices on the right-hand side of the equalities in Eq.20 are
responsible for the second family masses with mc/mt ∼ MQ3/Mu3 , ms/mb ∼ MQ3/Md3 ,
with a more pronounced mass hierarchy in the up sector than the down sector. It also
implies non-zero quark mixing angles, with small values of the CKM elements |Vub| ∼
|Vcb| ∼ ms/mb, which is a successful prediction for |Vcb|. However |Vub| is too large and the
smallness of the Cabibbo angle is not explained with |Vus| ∼ 1. It also implies a natural
lepton mass hierarchy mµ/mτ ∼ ML3/Me3 , with non-zero charged lepton contributions
to leptonic mixing angles analogous to the quark ones. However the neutrino sector will
dominantly contribute to leptonic mixing angles as discussed in the next section. At this
stage the first family quarks and leptons are massless, but will develop small masses when
the first and/or second family KK mediators are included.
4 Neutrino Majorana masses from KK Dirac neutrinos
Finally, to generate the neutrino masses, we follow a somewhat different procedure to
the case of charged lepton and quark masses. The Higgs doublets do not couple to the
massless chiral lepton doublets Li to the neutrino singlets ν, as seen in Eq.13, for the
same reason that SM Yukawa couplings are not allowed, namely that the Higgs carry
U(1)′ charge while the SM chiral fermions do not. In the case of charged lepton and
quark masses, such Yukawa couplings are mediated by U(1)′ charged KK excitations,
arising from the SO(3) lepton and quark triplets. However, in the case of neutrinos, the
5d neutrino singlets ν are chosen to be SO(3) singlets, and do not have any zero modes,
and therefore the KK excitations are neutral under U(1)′ and so do not couple to Li. In
this case the KK mediation arises from the following couplings,
L0ν = 2
piRΛ
[
yiνL
†
iLKKHuνRKK + y
′j
ν L
′
jRKKH˜dν
†
LKK
]
, (21)
where H˜d is the CP conjugate of the Higgs doublet Hd, and hence H˜d will have the same
hypercharge as Hu but opposite isocharge. The LiKK and L′iKK have opposite U(1)′
charges but both will couple to the neutral massless chiral lepton doublet Li. It is worth
to note that these couplings involve two KK excitations in each term. Also note that two
different Higgs doublets are involved here, which couple to the two different KK lepton
doublets. The two different KK neutrino fields above, νLKK and νcRKK , form a single
heavy Dirac KK mass, which may be integrated out to generate the effective neutrino
operators,
L0ν = 64RΛ
pi5Λ3
〈φKKφ†KK〉 yiνy
′j
ν L
†
iLHuH˜dLjL. (22)
Note that this is not the usual Weinberg operator since it involves two different Higgs
doublets, so it is a new type of Weinberg operator, originating from a variant of the
type I see saw mechanism called the type Ib seesaw mechanism [25]. The new effective
dimension 5 operator is mediated by the Dirac KK neutrino modes, as shown in figure 3.
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In fact this version of the type Ib seesaw mechanism is slightly different to that proposed
in [25], since it involves two additional scalar singlets φKKφ†KK , leading to additional mass
suppression, but the basic features are the same: two different Higgs doublets with a single
Dirac heavy neutrino mass mediating the diagram, leading to light effective Majorana
neutrino masses. However, assuming zero 5d Dirac masses, the new mechanism does not
so far explain the smallness of neutrino mass unless the compactification scale is quite
high, or at least one of the Yukawa couplings is very small.
Figure 3: Diagrams for the type Ib seesaw mechanism for neutrino masses.
Now including also the explicit 5d Dirac masses discussed in Eq.11 of the previous
section, the operator in Eq. 22 is generalised to
L0ν = 32
pi5R2Λ2
〈φKKφ†KK〉 yiνy
′j
ν L
†
iLHuH˜dLjL×(
R−2 + (Mν)2
)−1/2(
R−2 + (M iL)
2
)−1/2(
R−2 + (M jL)
2
)−1/2
.
(23)
This leads to a general symmetric Majorana mass matrix for the neutrinos from a single
pair of 5d Dirac neutrinos. There is now the opportunity to explain the smallness of
neutrino mass even with a low compactification scale and Yukawa couplings of order
unity, by assuming that one of the 5d Dirac masses is very large. For example the (SO(3)
singlet) 5d neutrino mass Mν could be much larger than the (SO(3) triplet) 5d lepton
doublet masses, Mν  M iL, leading to highly suppressed neutrino masses, as in the
traditional type Ia seesaw mechanism. One may speculate on mechanisms which would
result in a larger mass for the SO(3) singlet than the SO(3) triplet fermions, but that is
beyond the scope of the present paper.
5 Non universal Z ′ couplings and phenomenology
The terms that would generate an effective 4d Z ′ coupling would be [2]
LZ′ = g
(
2
pi
)3/2 [
ψ†iφKKψiKK + ψ
†
iKKγ
µZ ′µψiKK
]
+ h.c., (24)
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Figure 4: Diagrams for the effective Z ′ coupling to the isoneutral quark doublets QiL, mediated by the
isocharged KK excitations (where Z ′ only couples to isocharged states). Similar diagrams may be drawn
for all the SM fermions QiL, uiR, diR, LiL, eiR, which are isoneutral, with effective Z ′ couplings mediated
by their respective isocharged KK excitations.
where can be any ψ = QL, uR, dR, LL, eR. By integrating out the KK modes, as in fig. 4,
we obtain the non universal corrections
LZ′ = g
(
2
pi
)3/2 [
〈φKKφ†KK〉 (R−2 +M2ψ i)−1
]
ψ†iγ
µZ ′µψi. (25)
These Z ′ couplings are not universal since we are assuming MQ3  Md3  Mu3 ,
and ML3  Me3 , in order to generate the desired Yukawa hierarchies. Indeed the Z ′
couplings are related to the Yukawa couplings as in [2]. The dominant Z ′ couplings will
be generated by the lightest messenger masses associated with the third family doublets
Q3 and L3,
LZ′Q3 = g
(
2
pi
)3/2 [
〈φKKφ†KK〉 (R−2 +M2Q3)−1
]
Q†3Lγ
µZ ′µQ3L
LZ′L3 = g
(
2
pi
)3/2 [
〈φKKφ†KK〉 (R−2 +M2L3)−1
]
L†3Lγ
µZ ′µL3L.
(26)
Note that the prefactors in Eq. 26 are related to the square of the prefactors of the
dominant Yukawa couplings in Eq. 16. Thus, this model not only explains the origin of
the Yukawa couplings but also relates them to non universal Z ′ couplings [2]. Unlike [2],
this model is enhanced with extra dimensions, which explains the origin of the mediators
and the U(1)′ breaking field φ.
The non universal Z ′ couplings in Eq. 26 may help to generate the non universal
leptonic decays [3] which can’t be explained within the SM [30–32]. Although the chi-
ral fermions do not carry U(1)′ charges, the diagrams in Fig. 4 generate effective Z ′
couplings to chiral fermions, via the KK messengers do carry U(1)′ charges (which are
trivially anomaly free). The Z ′ couplings in the above basis are dominated by left-handed
couplings to the third family in Eq. 26, which we write approximately as [33],
y2t gZ
′
µQ
†
3Lγ
µQ3L + y
2
τgZ
′
µL
†
3Lγ
µL3L, (27)
to emphasise the approximate relation to the top and tau Yukawa couplings, yt and
yτ , resulting from Eq. 16. Flavour changing couplings involving the quark doublets
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Figure 5: These Z ′ exchange diagrams contribute to RK(∗) (left), to Bs mixing (centre) and to τ → µµµ
(right). The couplings are defined as gbsZ ′µb
†
Lγ
µsL, gµµZ ′µµ
†
Lγ
µµL and gτµZ ′µτ
†
Lγ
µµL.
Q3L = (t, b)
T
L, Q2L = (c, s)TL, will be generated when the Yukawa matrices in Eq. 20
are diagonalised,
y2t gZ
′
µQ
†
3Lγ
µQ3L → VtsZ ′µQ†3LγµQ2L, V 2tsZ ′µQ†2LγµQ2L, . . . → VtsZ ′µb†LγµsL, . . . (28)
Similarly the operator y2τgZ ′µL
†
L3γ
µLL3 in Eq.27 leads to flavour changing couplings in-
volving the lepton doublets L3L = (ντ , τ)TL, L2L = (νµ, µ)TL, controlled by a left-handed
lepton mixing θe23,
θe23y
2
τZ
′
µL
†
3Lγ
µL2L, (θ
e
23)
2y2τZ
′
µL
†
2Lγ
µL2L . . . → θe23y2τZ ′µτ †LγµµL, (θe23)2y2τZ ′µµ†LγµµL (29)
where we have taken yt ≈ g ≈ 1. The couplings in Eqs.28, 29 control the Z ′ exchange
diagrams in Fig.5 which contribute to RK(∗) (left), to Bs mixing (centre) and to τ → µµµ
(right).
The Z ′ contributes to RK(∗) at tree-level, via the (left) diagram in Fig.5, where the
requirement to explain the anomaly is, defining the couplings of the Z ′ to the relevant
fermions as gµµ and gbs,
gµµgbs
M2Z′
≈ y
2
τ (θ
e
23)
2Vts
M2Z′
≈ 1.1
(35 TeV)2
(30)
Since Vts ≈ 4.0 × 10−2, this requires quite a large yτ ≈ 1 (i.e. large tan β = 〈Hu〉/〈Hd〉)
and a large mixing angle θe23 ≈ 0.1, together with a low mass MZ′ ≈ 1 TeV, close to
current LHC limits [34].
Now Bs mixing is mediated by tree-level Z ′ exchange as in the (centre) diagram in
Fig.5, leading to the 2015 bound [34],
gbsgbs
M2Z′
≈ V
2
ts
M2Z′
≤ 1
(140 TeV)2
(31)
leading to MZ′ ≥ 5.6 TeV, in some tension with the RK(∗) requirement above. However
the stronger 2017 bound with scale of 770 TeV instead of 140 TeV implies a bound of
MZ′ ≥ 31 TeV, which is quite incompatible with the RK(∗) requirement in Eq.30.
Moreover τ → µµµ is mediated by tree-level Z ′ exchange as in the (right) diagram in
Fig.5, leading to the bound [34],
gτµgµµ
M2Z′
≈ (θ
e
23)
3y4τ
M2Z′
≤ 1
(16 TeV)2
(32)
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Writing gτµ = gµµ/θe23, the bounds on Bs mixing and τ → µµµ may be written as:
gbs
MZ′
≤ 1
(140 TeV)
,
gµµ
MZ′
≤ (θ
e
23)
1/2
(16 TeV)
(33)
which may be combined, leading to a bound 5 on the contribution to RK(∗) [33, 35],
gµµ
MZ′
gbs
MZ′
≤ (θ
e
23)
1/2
(140 TeV)(16 TeV)
=
(θe23)
1/2
(47 TeV)2
(34)
which is somewhat less than the 1.1
(35 TeV)2
required in Eq.30 to explain the anomaly.
Moreover, the stronger 2017 bound with scale of 770 TeV instead of 140 TeV implies a
bound of (θ
e
23)
1/2
(111 TeV)2
, which is significantly less than the 1.1
(35 TeV)2
required to explain the
anomaly.
The RK(∗) anomaly could be explained in this model, consistently with τ → µµµ,
if the second lepton doublet messenger mass were assumed to be of the same order as
that of the third family, namely ML2 ∼ ML3  Me3 , which would imply that a new
Z ′ coupling to muons gµµ could arise independently of the τ coupling gττ , removing the
bound on gµµ in Eq.33. In this case the bound in Eq. 34 would be evaded, and indeed
θe23 could be naturally very small, as expected, say of order Vts. However, in such a
scenario, the smallness of the muon mass compared to the τ mass could not be explained
by the hierarchy of 5d Dirac masses, but instead would have to be accounted for by
a tuning of Higgs Yukawa couplings, as in the Standard Model. Therefore, we would
prefer that the RK(∗) rate is much closer to the Standard Model prediction, so that we
can provide a natural explanation of the smallness of the muon mass as being due to
ML3  Me3 ,ML2 . In this preferred scenario, although we cannot explain the current
RK(∗) anomaly, nevertheless there can be non-zero contributions to all the three BSM
processes in Fig.5, which could be all observed in the future.
6 Conclusion
In this paper we have proposed a theory of quark and lepton masses with non-universal
Z ′ couplings based on a simple extension to the Standard Model in which quarks and
leptons are promoted to 5d gauged SO(3) isospin triplets. We emphasise that this is not
weak isospin, nor is it a family symmetry, it is a completely new degree of freedom carried
by each 5d multiplet Qαi , uαi , dαi , Lαi , eαi , where i = 1, 2, 3 is a family index and α = 1, 2, 3 is
a new SO(3) index. In the 4d effective theory, the SO(3) is broken to U(1)′, under which
the triplets carry isocharges (+1, 0,−1). The breaking is achieved via the S1/(Z2 × Z′2)
orbifold, with U(1)′ subsequently dynamically broken, resulting in a massive Z ′.
Quarks and leptons in the 5d bulk appear as massless modes, isoneutral under U(1)′.
The Higgs doublets are located on the brane and have isocharge ±1 (ignoring the heavier
isoneutral Higgs doublets). There are zero Yukawa couplings to the Higgs, and zero
couplings to Z ′, due to the U(1)′ symmetry. However, after the U(1)′ breaking, both
Yukawa couplings and non-universal Z ′ couplings are generated by heavy Kaluza-Klein
exchanges. This may be regarded as the ultraviolet completion of a model proposed some
5I am grateful to E.Perdomo for pointing out this bound.
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time ago based on a vector-like fourth family isocharged under a U(1)′, which mediates
both Yukawa couplings and Z ′ couplings for the chiral quarks and leptons, which are
isoneutral under U(1)′, thereby relating such couplings. The idea here is that the fourth
vector-like family is identified as a KK excitation along an extra 5th compact dimension.
However, such a KK interpretation required the introduction of the SO(3) isospin,
broken to U(1)′, to enable the combination of isoneutral chiral fermions and isocharged
KK excitations. The presence of gauged SO(3) enables the “gauge-Higgs unification”
mechanism, whereby the isocharged Higgs singlet that breaks the U(1)′ originates from
the fifth component of the SO(3) gauge field, providing a satisfying mechanism for sym-
metry breaking. The hierarchical Yukawa couplings of charged fermions results from a
hierarchy of 5d Dirac fermion masses, in particular, the lightest masses being associ-
ated with the third family quarks and leptons, with 1/R . MQ3  Md3  Mu3 , and
1/R . ML3  Me3 , where the two other families are assumed to have even heavier
masses. Majorana neutrino mass and mixing arises from a novel type Ib seesaw mecha-
nism, mediated by Kaluza-Klein Dirac neutrinos with large 5d Dirac masses Mν  M iL.
This mechanism could be applied to any other extra dimensional and/or string model,
in order to obtain Majorana neutrinos from a seesaw mechanism in which the mediators
are Kaluza-Klein Dirac neutrinos.
In the present model, since each quark and lepton field forms a complete isospin
triplet, Qαi , uαi , dαi , Lαi , eαi , each field will have three isocharges (+1, 0,−1), with only the
isoneutral ones having massless zero modes. However, for each flavour and isospin index
(i, α), there will be an infinite KK tower of massive Dirac (or vector-like) states, providing
a wealth of new states which could be discovered at future colliders, although given that
the 5d masses of these states are very hierarchical, only the lightest ones above will be
discovered to start with. Thus the lightest KK modes are the electroweak doublets and
isotriplets Qα3KK = (T,B)α with mass MQ3 and Lα3KK = (N,E)α with mass ML3 , which
automatically respect a custodial SU(2) symmetry, allowing the compactification scale
to be as low as the direct collider limits on universal extra dimensions, around the TeV
scale [37]. In the present model there also be an isotriplet of Higgs doublets Hαu,d on the
zero brane plus an additional pair of isoneutral Higgs doublets H0′u,d on the other brane,
all of which could be within experimental reach.
The non-universal Z ′ couplings may contribute to semi-leptonic B decay ratios RK(∗)
which violate µ−e universality, which in this model are related to the origin of the fermion
Yukawa couplings. However, the natural expectation is that the presently indicated rate
of RK(∗) is too large to be explained in this model, although it could be observed at a
lower rate in future, along with other BSM signals of Bs mixing and τ → µµµ.
In conclusion, we have extended the SM fermions into a flat 5d bulk, with Higgs
doublets on the branes, in order to shed light on the origin of Yukawa couplings. We
were led to introduce a new SO(3) isospin under which fermions and Higgs are isotriplets,
although extra isosinglet Higgs and isosinglet neutrinos were also introduced. We have
assumed hierarchical 5d Dirac masses in order to account for the fermion mass hierarchies.
However this is more than just a one-one repameterisation of the fermion masses by
the 5d Dirac masses. With the simple assumptions 1/R . MQ3  Md3  Mu3 , and
1/R . ML3  Me3 we have reproduced all the charged fermion mass hierarchies and
generated small quark mixing predominantly from the down quark sector. Majorana
neutrino masses arise from Dirac KK neutrino exchange, via a type Ib seesaw mechanism,
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with Mν M iL accounting for the smallness of neutrino mass.
Finally we note that, whilst similar results could also be achieved in 4d by adding
a fourth vector-like family to the SM, we have shown that by introducing an extra di-
mension and 5d isospin SO(3) we can explain the origin of the fourth vector-like family
(and the fifth one which is necessary to obtain non-zero first family quark and lepton
masses) by the very simple and elegant extension to the SM shown in Table 1. Thus, the
extra vector-like families are not introduced in an ad hoc way but instead emerge as KK
excitations. Moreover, the experimental implications of such a novel theory of flavour
are very distinctive, being distinguishable from universal extra dimensions due to: the
presence of the gauged SO(3), broken to U(1)′ and leading to the Z ′; the characteristic
5d Dirac mass pattern above; and the rich spectrum of Higgs doublets on the branes. It
would clearly be interesting to explore the phenomenology of this model further.
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A S1/(Z2 × Z′2) orbifold
We assume a 5d spacetime, with an extra spatial dimension y. The extra dimension is
compactified as an orbifolded circle with the identifications
y ∼ y + 2piR,
y ∼ −y, (35)
which defines the orbifold geometry. The orbifolding leaves 2 fixed points
y¯ = {0, piR/2}, (36)
which allow boundary conditions on the fields. Any arbitrary field Φ(x, y) must comply
with eq. 35, up to a gauge transformation, which defines the boundary conditions since
Φ(x, y) = P0 Φ(x,−y),
Φ(x, y + piR/2) = PpiR/2 Φ(x,−y + piR/2)
(37)
so that the two independent boundary conditions satisfy P 20,piR/2 = 1 and they belong to
the extended gauge group. Each condition corresponds to each Z2 [36].
We locate all fields in the bulk which have to belong to irreducible representations
of the Lorentz group SO(1, 4). It is important to understand how each field transforms
under the orbifolded parity.
The orbifold operation is the 5th parity operator P5 which is accompanied by a gauge
transformation P0,piR depending on which fixed point the parity is applied.
The simplest field field is a 5d scalar φ(x, y) which transforms as
φ(x, y) = P˜5φ(x, y) = PP5φ(x, y) = P0 φ(x,−y),
φ(x, piR/2 + y) = P˜5φ(x, piR/2 + y) = PpiR/2P5φ(x, piR/2 + y) = PpiR/2 φ(x, piR/2− y),
(38)
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where 0, piR/2 are the fixed branes. After compactification, the 5d scalar becomes a 4d
scalar.
One can also have vector fields AM(x, y) whereM = 0, 1, 2, 3, 5. The vector transforms
as
AM(x, y) = P0P5AM(x, y)→P0P5Aµ(x, y) = P0Aµ(x,−y),
→P0P5A5(x, y) = −P0A5(x,−y),
AM(x, piR/2 + y) = PpiR/2P5AM(x, piR/2 + y)→PpiR/2P5Aµ(x, piR/2 + y)
= PpiR/2Aµ(x, piR/2− y),
→P5A5(x, piR/2 + y) = −PpiR/2A5(x, piR/2− y),
(39)
where the 5th component of the 5d vector field obtains an extra minus sign. After
compactification the 5d vector decomposes into a 4d vector and a 4d scalar (the fifth
component).
The final representation is a 5d spinor Ψ(x, y). For 5d spinors one has to enlarge the
Clifford algebra. We can use the 4d Dirac matrices in the Weyl basis
γ0 =
(
0 I2
I2 0
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
( −I2 0
0 I2
)
, (40)
where the γ5 is the usual 4d one that is related to chirality. Note that one can choose
these as gamma matrices since they fulfill
{γM , γN} = 2ηMNI4. (41)
The 5d spinor has 4 components which can be written in 4d terms as a Dirac fermion
Ψ(x, y) =
(
ψR
ψL
)
, (42)
where each ψL,R is a Weyl fermion. The dynamical term iΨ¯γM∂MΨ mixes both ψL,R in
any basis, so in 5d the Dirac fermion is irreducible, i.e. a 5d fermion is a pair ψL,R of
Weyl fermions. The parity P5 operator for fermions involves a gamma matrix so
Ψ(x, y) = P0P5Ψ(x, y) = P0 γ5Ψ(x,−y)→− P0 ψR(x,−y),
P0 ψL(x,−y),
Ψ(x, piR/2 + y) = PpiRP5Ψ(x, piR/2 + y)
= PpiR/2 γ
5Ψ(x, piR/2− y)→− PpiR/2 ψR(x, piR/2− y),
PpiR/2 ψL(x, piR/2− y).
(43)
After compactification, the 5d fermion decomposes into a L,R 4d Weyl fermion pair.
B SO(3) gauge theory
The SO(3) group is the group of 3× 3 orthogonal matrices with determinant of one. It
has order 3, rank 1, and its generators are
T1 =
1√
2
 0 1 01 0 1
0 1 0
 , T2 = 1√
2
 0 −i 0i 0 −i
0 i 0
 , T3 =
 1 0 00 0 0
0 0 −1
 , (44)
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where an element of the group can be written as
g = ei(αT1+βT2+γT3). (45)
Most fields Φ in our model will be in the adjoint representation Φ ∼ (3). One can
write the 3 components of the field as
Φ = Φ1T1 + Φ2T2 + Φ3T3, (46)
which transforms as
Φ→ gΦg−1. (47)
However it is much easier to write them in vector form as
Φ =
 Φ1Φ2
Φ3
 , with transformation Φ→ gΦ. (48)
We will impose the boundary condition
P = eipiT3 =
 −1 0 00 1 0
0 0 −1
 , (49)
which breaks SO(3)→ SO(2) ' U(1)′, where the U(1)′ is generated by T3.
The triplet field transforms as
Φ→ PΦ =
 −Φ1Φ2
−Φ3
 , (50)
which separates into an SO(2) doublet or a charged pair and a neutral field. A general
U(1)′ gauge transformation would be
eiα(x)T3 =
 eiα(x) 0 00 1 0
0 0 e−iα(x)
 , (51)
so that we can name the eigenstates by their charge
Φ0 = Φ2, Φ
+ = Φ1, Φ
− = Φ2. (52)
After the breaking SO(3)→ U(1)′, the field decomposes as
(3)→ (0) + (1) + (−1). (53)
Under the P transformation, the components of the SO(3) triplet decompose are eigen-
states with different eigenvalues. The neutral component have an eigenvalue +1 while
the charged states have a −1 eigenvalue.
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4d field SU(3)C SU(2)L U(1)Y U(1)′ Z3 Brane
H+u 1 2 −1/2 +1 ω2 0
H0u 1 2 −1/2 0 ω2 0
H−u 1 2 −1/2 −1 ω2 0
H+d 1 2 1/2 +1 ω
2 0
H0d 1 2 1/2 0 ω
2 0
H−d 1 2 1/2 −1 ω2 0
H
′0
d 1 2 1/2 0 ω
2 piR/2
H
′0
u 1 2 −1/2 0 ω2 piR/2
Table 3: Higgs fields located at the different branes. The H−u,d are the physical Higgses and are renamed
as Hu,d (see discussion in the main text).
C Higgs localization and masses
We assume that the physical Higgs is located in the zero brane. However we have assumed
that it has a charge −1 under the U(1)′, but the zero brane has an unbroken SO(3). To
justify this, we locate the full triplet with components H+, H0, H− on the zero brane and
further two copies in the piR/2 brane H ′−, H ′0, where the SO(3) is broken, as in table
3. As discussed below, the H−u,d become the physical Higgses and are renamed as Hu,d in
the main text.
These Higgses couple to the KK modes as
LY ∼ H−u
[
(Q−LKK)
†u0RKK + (Q
0
LKK)
†u+RKK
]
+H0u
[
(Q0LKK)
†u0RKK + (Q
+
LKK)
†u+RKK + (Q
−
LKK)
†u−RKK
]
+H+u
[
(Q+LKK)
†u0RKK + (Q
0
LKK)
†u−RKK
]
+H
′0
u
[
(Q0LKK)
†u0RKK + (d
+
LKK)
†Q+RKK + (d
−
LKK)
†Q−RKK
]
+ u↔ d
(54)
Integrating out the KK modes would generate the mass terms from the diagram in fig.
6, which would generate the mass mixing term (with the compactification scale acting as
a natural cutoff)
1
16pi2
M2KK(H
0
u,d)
†H
′0
u,d (55)
where M2KK ∼ 1/R2 and we ignore the 5d Dirac masses for simplicity. Although this
mass will be a factor 1
4pi
smaller than MKK , it will be sufficiently large to deter either of
the isoneutral Higgs doublets H0u,d or H
′0
u,d from developing a VEV.
On the other hand, the isocharged Higgses H±u,d (the remaining parts of the isotriplets
on the zero brane) do not receive such mass contributions from radiative effects, so they
will readily develop VEVs. However, as only φKK with a isocharge +1 is assumed to
gain a VEV, only the H−u,d can generate effective Yukawa couplings. We rename these
physically relevant Higgs doublets as Hu,d ≡ H−u,d.
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Figure 6: Loop diagram generating isoneutral Higgs doublet mass mixing. A similar diagram for down
type Higgs doublets is obtained by changing u→ d.
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